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1. Introduction and Preliminaries

By including double number of parameters in the (p, ¢)-identities we have vari-
ous choices for manipulations. It was observed that several g-results can be general-
ized directly to (p, g)-results. Moreover once we have the (p, ¢)-results, the ¢g-results
can be obtained more easily by mere substitutions for the parameters instead of
any limiting process as required in the usual g-theory [24]. Recently, Ahmad [2]
has introduced and studied the (p, ¢)-analogue of I-function introduced by [32] (see
also, [12, 13, 31]). In this paper, we give two results about the (p, ¢)-analogue of
multivariable Prathima’s I-function.

Sadjang [30] introduced the shifted factorial as follows:

(roa)y, = (x—a)(pr—aq) (p°r —ag®) -~ (xp" " —ag"™!),  (1.1)

and
(z®a),, = (x+a) (pr+aq) PPz +aq®) - (xp" " +ag"™). (1.2)

We can extend above formulas in the following manner:
H zp” — aq”) (1.3)
k=0

and
o0

(r@a),, = H (zp” + aq”) . (1.4)
k=0
For = € C, the (p, ¢)-Gamma function [29] is given by

(rea),,
(r* S q%),,

Taking p = 1, then I', , reduces to I'.
The (p, q)-Gamma function fulfils the following functional equation:

Ppg (@ +1) =2, Tpg (2) (1.6)
If n > 0 (n is an integer), we obtain the relation

Lpq(n+1)=[n], ! (1.7)

[y (z) = (p—q)" (0<qg<p). (1.5)

Arik et al. [5] also defined the (p, q) -Beta function, given as

By .9) = P, (15)
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The (p, q)-derivative of the function f(z) is defined as follows [3]:

[ (pz) — f (qz)
Dyqf (x) = p—q) for 2 # 0, (1.9)

where D, ,f (0) = f'(0), if f () is differentiable at x = 0. We have the following

result:

Lemma 1.1. [2, eqn.(7.1.8), ch.7, p.104]

Lpg(p+1) _
D (zV') = L 7 (R(p)+1>0). 1.10
pvq( ) Tyo(i—n+1) (R (w) ) ( )
Now, we define the (p,q)-analogue of the modified multivariable I-function
defined by Prathima et al. [26].

Remark 1.1. Basic analogue of several special functions has been defined and
studied by many authors, for e.g. [15, 16, 17, 18, 19, 31].

2. (p,q)-analogue of modified multivariable /-function

Recently, I-function of several variables has been introduced and studied by
Prathima et al. [26], it’s an extension of the H-function of several variables defined
by [33, 34]. In this paper, we define a new function, the (p, ¢)-analogue of multi-
variable I-function. It is defined by (p, ¢)-Mellin-Barnes multiple contour integrals,

given as
(1) (r).
. _ 70,n":ma,n My M .. g
H(Zl7 T 7ZT?p7 Q) [p q pllqll sPr,Qr . Y (p7 q) (1) ( )
Zr <b]7/8] y T T aﬁj ;Bj>1q/:
(1), (1), 4(1) (r) (r)
(aj 7 ’Aj )1,p<1>’ (3 ’% ’A )17])7«
1), s(1), ) (r). s(r). pr)
(bj 1057 B ) qm""v(bj 10,7 B, >1,qr
¢ Sty 5,500, 4 H(bl (Si;p7 q) ’ZiSi dsl'”dsh (21)
L1 Ly .

where w = /—1,

n’ A r 7
T T (1-a;+ X as))
sz)(sla"' 7ST;p7Q): ;

A‘ r 1
H?:n’—i—l Lpq (aj - 2i1 E)Sa) 7 qu (1 —bj+ 3 1ﬁ( 51)
(2.2)
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¢ (si;ps q)

BY LA
Hmz F J (b§)_5() )Hz qu] <1_a()+'}/]()31)
g B (@) | <0\ T AD @) @) o
[om, T qj (1 —b;" +0; si) | A qu] (aj — si> Lpq (5i) Tpg (1 — s4) sinms;
(2.3)

An empty product is interpreted as unity; In the following. We replace n, p and
g by n’, p’ and ¢ because the first three numbers are already used, see the Lemma
1.1.

The following numbers A;(j = 1,--- ,p'), Bj(j =1,--- ,¢'), A(l)(z' =1,---,1r;J =
Lo BOG = Lo rig =1, a)y @l = Lo g (i
17"' T .] - 1 ) fyj()(z = 17 7T;j = 17 7pl) and 5(1) =
L,---,q)are posmve real numbers, the quantities a;(j = 1,--- ,p'), b;(j =1, - ,¢),
ay)(i =1,---,r;5 =1,---,p;) and by)(z' =1,---,rj=1,---,¢) are complex
numbers. The numbers m;, n;, p;, ¢; (i = 1,--- ,r) are non-negative integers ver-
ifying the inequalities 0 < ¢;, 0 < m; < ¢, , 0 < n; < p; (i = 1,---,r) and
0 <n; <p;.

Here (i) denotes the numbers of dashes. The contour Lj is in the sip(k =
1,---,7)- plane and run from to s; + io, where oy, if is a real number with loop,

if necessary to ensure that the poles of Tﬁ({ ( —a;j+ Y q; s]> (j=1,---,n),
A

I‘qu (1-— alf )+7J( ) W, (G=1,--- ,n®) (k=1,---,r) to the left of the contour

k
L;, and the poles of qu >(b§k) — 6§k)sk), (j=1,---,m®) (k=1,---r) lie to the
right of the contour L;. The various parameters are restricted so that these poles
of the integrand are assumed to be simple. The point z; = 0(i = 1,--- ,r) is tacitly
excluded. For large values of |z;| , Re(s;log(z;) — logsinms;) < 0,i=1,---,r
We shall note

X =my,ni;sme,ns V=pLqis 5D, @ (2.4)
1 r 1
A= <aj;oz§),--- ,a§-);Aj) ; < ﬁ(),"' B()7Bj> ; (2.5)
1,p/ 1,4
O — ( . (1);0(1)> ;< (n), @;d”) : 2.6
G0 ), GO0, (26)

] Y ] ’ Vi Y

D:(d1 5. DU))qu;.. (d 50 p y)w. (2.7)



Several findings on fractional (p, q)-derivatives for the (p, q)-variant ... 195

3. Main formulae

In this section, we will establish one fractional (p, ¢)-derivative formula about
the (p, ¢)-analogue of multivariable /-function defined by Prathima et al. [26] and
studied by [13, 31].

Theorem 1. Let R(pu) > 0,2; # 0, >0(i=1,---,7) and 0 < ¢ < p, then the
following result holds true

zpat A:C
Dy 1 C(pg)
zrpq;AT B : D
21 pat (0, M, A1), A:C
— 0,n'+1:X . .
=zt [p’-l-l—t_ql’—i-l:\/ : ; (p,a) , (3.1)
erx/\r B?(lu;)‘la"' 7)\7’;1) : D

where R (t;log (z;) — logsinzt;) <0 (i=1,---,7).
Proof. To prove (3.1), we consider the left-hand side of equation (3.1) (say L.H.S.)
and make use of the formula (2.1), we obtain
L.H.S.
— Dr 1/ / T (81, 4 8ol p q)f[qb-(s"p q) (pr)\i)s"dsl...ds .
pPq (27rw)7" I ) ) 5 OT s 1y P 1 \21y s 2 r
(3.2)

Now, we interchange the order of [ and Dy because the validities conditions are
satisfied. This gives

L.H.S.

T T
= / / 7 (s1,- - 73T;p7q)H¢i (si; 1, q) Dﬁq <Hp8iz;ix2:'—1 )xisz') dsy - --ds,.
Ly T =1 =1

We can also write

L.HS. =

[ [ ot sana T ontsana) (20" Dy (a5 dsy - ds,.
Ly r i=1
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We use the Lemma 1.1 and after a few algebraic transformations, we get

LHS _/ / r’l/} Sty 5,80 D, 4 H(bl (Sz7p7q> (pzi)Si
L1 =1

,q 1 -0+ Zz 1 Ai 82) x_lH‘Zz 1 Aisi dS dSr- (35>
r g (1= 14 >0 Aisi)

Interpreting the above multiple Mellin-Barnes contour integrals in terms of the
basic (p, ¢)-multivariable I-function, we get the desired result (3.1).

4. Special cases
In this section, we give several particular cases.

First, we suppose p = 1, then the (p, ¢)-basic multivariable I-function is replaced
by the ¢-basic multivariable Prathima’s /-function and we have the following rela-
tion:

Definition 4.1. If R () > 0,2, #0, \i >0 (i =1,---,7), R(s;log(z;) — logsin7s;)

<0,(i=1,---,r) and p = 1. Then g-basic multivariable Prathima’s I-function
defined by the multiple q-contour integrals, given by
EY ol .
Zl (CLJ,Oé] sttt ] 7A]>1p,
. 70,0 tma,n1;e M n .o ’
Iz, 2r) = Ly p11,q1,1~,pr,q7~ Do

q
1 r
o | (B0 87 B)
(1), (1), 4O I ORNCRNG
<a/j 70‘]‘ ,A] )1,p(1), (j 9 j ,A] )17p(7“)
(1) (1)) (m. (). (r>>
(68":8"; B L (08B

B <27T1w>f" / | / Plonesenid) [Loisia) ot don - do, (4.1)

1,¢'

where

H?llr (1—a]+Zz 1 ])j)

/ A I3 r 7 ’
?:n’—i—l Ly” (aj - Zi:l Q; )tj) H?=1 qu (1 —bj + Zi:l 5](' )tj)
(4.2)

¢(817"' aST;q):
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and
¢ (si39)
m® B i n® AY i i
- IT5= Iq (b; ) 5](- )3) IT;=:1 Tq (1 - a§- )+ 04§- )si)
e 5 W 5.\ 1 AT W -
Hj:1+m(i) Iy (1 —b;" +B; 87;) Hj:nmﬂ Iy (aj —a; sl) Ty (si) Ty (1 —s;)sinms;

(4.3)

Corollary 1. By using Definition 4.1 and the notations (2.4)-(2.7) with p = 1,
then we obtain the following result:

A1

21T A:C
Dy q1 Coig
P B:D
ZaM (0, A, , A1), A:C

—p 70,0/ +1: X . .
= “Ip/+1+,q’+l:v . ) q . (44)
ZTZL')‘T Ba(,u;)\la"' 7)\r;1>:D

Definition 4.2. If A; = B; = Cj@ = DJ(-i) = 1, then the (p, q)-basic multivariable
I-function reduces to (p, q)-basic multivariable H-function defined by (for details of
multivariable H-function, the readers can refer the work [8,9,20,33,34]) Let

AO = (aj, C(g-l), s ,CV;T)> ; BO = (b_]y 53('1)7 U 75]0’)) ; (45)
1,p 1,q'
_ (. 1) . A7) . _ (4 (1) : A ) s(r)
CO_(Cj i )17171;"'7(0]‘ i )l,pr7 D0_<dj 75] >l,q1,”.’<dj 75] )l,qr.
(4.6)

Then we have the following result:

Corollary 2.

lel’/\l AO : CO
Dy L ()
zrpa:)"“ By : Dy
lex/\l (Oa )‘la e 7>\7“) 7AO : OO
— 0,n/+1:X .
-7 qu’+1qu+1:v N (P, q) ) (4.7)
2. pr" By, (MS AL, ) 2 Dy

under the same conditions stated in the Theorem 1 and the Definition 4.2.
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Definition 4.3. Taking r = 2, the (p, q)-basic multivariable I-function defined by
(2.1) is replaced by the (p,q)-basic I-function of two variables defined by Kumari
et al. [21]. This new function is defined in the following manner:

I(z1,22;p,9)
(ais iy Ais Ag)y 1 (eis Bis Ei)y (905 Gis Gi) )

21
— 70,n1,m2,n2,m3,n3 .
- IPLQLP%Q%PS:‘IB ) (p> CI)

22 (bis Bi, Bis Bi)y o, + (fis Fis Fi)y o, (his Hiy Hi)y
1 S
— s [ [ o(stin) 01 (ip) 02 (i) atahdsdt, (1)
(27w)” JLy JLs
where
H?:l A (1 —a; + ;8 + Ait)
¢ (37 t;p, Q) = @ B; P ’ A, ) (49)
i=1Tpg (1= bi + Bis + Bjt) i=n1+1 Lpg (ai — ais — Ajt)
b ( ) [T T (fi = Fis) TT72, Tpa (1 — i + Eis)
1\8:P,q) = ) X A )
zqim2+1 ngz (1— fi + Es) fing-i—l Fz};:qrZ (ei — Eis) I'pg (s) Ipg (1 — ) s1nps)
(4.10
b2 (t:0.) [T TR (hs — Hit) T2, T (1 — gi + Git)
2P, q) = ; ) . .
Zqim3+1 Fgf (1 — h; + Hit) ?in3+l Fgf (9i = Git) I'pg (£) T'pg (1 — 1) SEH Wt)
4.11
We use the following notations:
A = (&i;QDAi;Ai)Lpl ; Ag = (e B Ei)LpQ ; (95 Gis Gz’)Lm ) (4.12)
By = (bi; Bi, Bi;Bi), 5 Ba = (fis Fis Fi)y 5 (hiy Hiy Hy) - (4.13)
Then, we have the result as follows:
Corollary 3.
zpat Ay; Ay
0,n1,m2,n2,m3,n .
Dgiq IP17‘111,P22,¢]22§Z7223 ’ ’ <p7 q)
zopx? By; By
_— zpa (05 A1, A5 1), Ay = Ay
=& L L psivas i (pa) o (414)
Zopx”? By, (1 A1, Ao; 1) 5 By

where R () >0, \; > 0, R (t;log (z;) — logsinnt;) <0 (i =1,2).
Next, if we set A; = B; = E; = F; = G; = H; = 1 in (4.8) then (p, q)-basic I-
function of two variables reduces to (p, ¢)- analogue of H-function of two variables
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27].
Let
Ay = (500, 4i), 5 Ar= (€ Ei)y,, (95 Gi)py s (4.15)
Bi = (bi; 8i, Bi)y g, 5 Bo= (fi: Fi)1 4, (his Hi)y - (4.16)
We obtain the following formula:
Corollary 4.
. zlp:ci‘l A A,
Dyg \ Hovalprarivsids i (pa)
ZQ]?LUZQ B1 . B2
— lefi\l (0;A1,A2) , Aq: Ay
= 27" Hy 0 b amipot i) (4.17)
29px5* By, (115 A1, A2) : Bo

valid under the conditions stated in Corollary 3.

If we take (v),,, = (Ai)y,, = (Bi)yy, = (Gi)iy, = (Bi)rg, = (Biig = (Fi)ig =
(H),, = 1, then the (p,q)- analogue of H-function of two variables reduces to
(p, q)- analogue of Meijer’s G-function of two variables [1].

Let

Ay = (Gi)l,pl ) A6 = (ei)LpQ ) (9)1,p3 ; Bo= (bi)qu ) 36 = (fz')lm ) (hi)l,qg )

(4.18)
then we obtain the following relation:
Corollary 5.
2 pr™ Ap; Aj
07 b b b b .
Dpq  Govaipasdzpads  (pg)
Zopa? By; B
- 21pa)! (0; A1, A2), Ag - A}
i - ;11 ,M2,M2,M3,1n3 .
= 27" Gyl a4 1 pagaips s N (p:q) , (4.19)
2Py’ Bo, (143 A1, A2) : By

If r = 1, then (p, ¢)-basic multivariable /-function reduces to (p, ¢)- basic I-function
of one variable defined by Rathie [28].
We have the following result:



200 South FEast Asian J. of Mathematics and Mathematical Sciences

Corollary 6.
(aj, 05 : A;j)

aw Lp
Dy S DY\ zpa?s (p,q)
(05,85 : Bj), o

<O7 P 1) ) (a’j7 aj . Aj)l,p’

_ —pgm/n/+1 0.

= o Ly gy | 20t (pg) : (4.20)
(bj, B Bj)y g - (1303 1)

/

where R (slog (z) —log (ms)) < 0, the conditions of Theorem 1 are verified and
r=1.

If we take r = 1 and A; = B; = 1, then the (p, ¢)- basic analogue of I-function of
one variable reduces to (p, q)- basic analogue of H-function of one variable [10], we
have

Corollary 7.

, (a.j’aj)Lp/
D S HY | zpas (p,q)
(bj’ﬁ]')l,q’
—_ (0:0) 5 (a5, 05),
= P HP US| et (pyg) : (4.21)

(b )4 (15 )

Now, we suppose (aj)Lp/ = (ﬁj)lq, = 1, then the (p,q)- basic analogue of H-
function reduces to (p,q)- basic analogue of Meijer’s G-function [23]. Then we
have the following result:

where p > 0 and R (slog (z) — logsinms) < 0.

Corollary 8.

., (aj)Lp/
Dy S Gt | zpe”s (p,q)
(bj)Lq'
(0;p), (aj)l,p’
=Gyl | 2t (n,a) , (4.22)

(bj)1q+ (150)

under the conditions verified by the Corollary 7 and (aj)1p/ = (8j), s =1
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Definition 4.4. We have a relation concerning the (p,q)- basic analogue of Mei-
jer’s G-function and (p, q)- basic analogue of Mac-Robert’s E-function [22], given

by
/ 1, (a) / (b) 4
s (% (20) b, (P, q) (a7), (4.23)

Consequently, we obtain the following formula about the Mac-Robert’s E- function:

Corollary 9. Let R (u) > 0 and z # 0, then the following result holds true

Dr. {E <prp; (v.q) ’ ((Zj)l,p' )} —2"E <zp:cp; (p,q) ‘ (0;:0()/;;(2)9')1,12’ ) ,
(4.24)

])l’q’

where R (tlog (z) — logsinnt) < 0.

Remark 4.1. We have the identical formulas with the (p,q)- basic analogue
of multivariable Gimel-function, see [6], the (p,q)-basic analogue of multivariable
I-function [12,25,31], the (p,q)- basic analogue of the modified multivariable H -
function [8,9,17,20], the (p,q)- basic analogue of the multivariable Aleph-function
[15], the (p,q)- basic analogue of the multivariable A-function [11,14]. By using
the same method, we can obtain the equivalent results concerning the others (p, q)-
basic analogue of the special functions of one and several variables, see [4] for more
details.

5. Conclusion

In this paper, the (p, ¢)- basic analogue of multivariable /-function with (p, q)
derivative has been derived by using the Gamma and Beta functions. These results
are very useful as they are most general in the nature. By choosing some particular
values of the various parameters as well as variables in the (p, q)- basic analogue
of multivariable I-function, we get a big number of results having remarkably wide
variety of useful (p,q)- basic analogue of special functions (or product of such
(p, q)-basic analogue functions) which can be expressed in terms of (p,q)- basic
analogue of I-function, (p, ¢)- basic analogue of H-function, (p, ¢)- basic analogue of
Meijer’s G-function, (p, q)- basic analogue of E-function and (p, ¢)- basic analogue
of special functions of one and several variables. The (p, g)-calculus is frequently
used in quantum physics, quantum calculus [7, 24] and several domains about the
mathematics.
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